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208 PROBLEMS AND SOLUTIONS 

if x is less than 7° 15', then to five decimals, logio x = logio sin x + \ logio sec x = logio tan x 
— | logio sec x. 

Solution by the Proposer. 

x x dy 1 

, i — , or e» = -. — ; -f- = - 

am sin x dx x 

i . dz , 

z = log sec x, or e z = sec x; -=- = tan a;. 



Hence, 
Also 



dx 



«x aa 

. tan a; . tan x 

z — y = log , or e z ~» = . 

x x 

dy I , , , dy tan x , % e* _ » — 1 e~» — e~' 

tan x — = cot a;; tan 2 x-f- = 1, -j 2 - = — r- 5- = — — . 

dz x dz x dz e iz — 1 e* — e z 

2=0 = 2/ when x = 0. 
_&1 «-, + «-/) _^1 +1 

^n = = dz J . ^1 (feJ^^ . #1 = i 

<fe J^o e 2 + e -2 J^o' dz Js^o 2 ' dz J 2i o 3' 

SL-f^[-"("-^+"+-')]' 3L-S- 
3L-«^W— [<«-«->2-<«-«->(lf)'+«-->]L 

-e~» f^y /dj/V , ,1 .cPyl _ 8_ 

2(e« + e-«) L& 2 \<fc/ J*=o' d2 2 JziO 45" 

« 8 , 2,8, 

2/ = 3-45 ? "■• ^-2/ = ^+45^ 2 ---. 

log a; — log sin a; = 5 log sec a; — -r= (log sec x) 2 , 

1 8 
logio x — logio sin x = g log sec x — -r^g. (log sec a:) 2 . 

2 8 

logio tan x — logio x = ^ log sec x + j^ (log sec x) 2 , 

j— (logio sec x) 2 = .000005 if logio sec x = .0034948, x = 7° 15', 

8 70 

|g-g = .4 nearly, = (.40926), = j^- very closely. 

This theorem enables one to dispense without inconvenience with the usual 
table for small angles. It is well to take logio c.m. 1' = 6.46372| — 10 in order 
to account for odd thirds. The theorem gives correct results in most instances 
for values of d up to about 10°. For = 10° there is an error of one unit in the 
fifth place of decimals. 

369. Proposed by I. A. HARNETT, Chicago, 111. 

Compute the definite integral / log xdx by direct summation. 



Similarly, 
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I. Solution by A. M. Haeding, University of Arkansas. 
Let 
S n =dx- log a + dx • log (a + dx) + dx • log (a + 2dx) + ■ ■ • + dx • log [a + (n - l)dx]. 

Then 

1=1 log xdx = lim S n , where ndx = b — a. 

v a w=oo 

Now 

log (a + dx) = log a + - dx - ^ dx 2 + ^ dx 3 - ^j <te 4 + 

log (a + 2(te) = log a + - 2<te - ^- 2 2W + ^ 2 3 <te 3 - ^ 2 4 <te 4 H 

log [a + (w - l)<tej = log a+- a (n-l)dx- ^ (»-l) 2 <te 2 + ~ (n-iydx 3 - -^ (w-l) 4 <te 4 +- • •. 

Hence, 

S„ = log a • rwte + - [1 + 2 + 3 + 4 + • • • + (w - \)\dx> - ^ [V + 2 2 + 3 2 H h (» - l)']** 

+ ^- 3 [l 3 + 2 3 + 3 3 + • • • + (w - l) 3 ]<te 4 - ^ [l 4 + 2 4 + 3 4 + • • • + (w - DW + • • • 

= (6 - a) log a + - (» 2 /2 - w/2)<te 2 - ^ (» 3 /3 - » 2 /2 + w/6)<& 3 

+ 5^3 (« 4 /4 - w 3 /2 + » 2 /4)<te 4 - i (w 6 /5 - w 4 /2 + n 3 /3 - w/30)<te 5 

+ ^- 5 (w 6 /6 - » 5 /2 + 5» 4 /12 - w 2 /12)<te 6 - • • • ; 
. r r c /», m , (& - «0 2 (6 - a) 3 , (6 - a) 4 (b - a) 5 , (6 - a ) 6 

,, ,. , /, 1 \ (b - a) 2 /l l\ (6-a) 3 , /l l\( 6-a) 4 

= (6-a)loga+^l-^^^-^-3J^^ + ^- i j-^3— 

/l l\ (5-a)s 
"^Vi 5/ a 4 

= (6 - a) log a + (6 - a)[- (1 - 6/a) - 1/2(1 - 6/a) 2 - 1/3(1 - 6/a) 3 - 1/4(1 - 6/a) 4 ] 

, T 1 /& -o\ 2 , 1 /6 - o\ 3 1 (b - a\< . 1 (b - a\ 6 "I 

= (6 - a) log a + (6 - a) log [ 1 - ( 1 - \) ] + a [log { 1 - ( 1 - \ ) \ + ^ ] 

= (6 — 0) log + (& — o) log - + log - + & — o 
= (6 — a) log a + 6 log - + b — a 
= 6 log b — a log a + b — a. 

II. Solution by the Proposer. 
I 5 1 1 

a aq aq n ~ l aq" 

Using the method of division indicated in the diagram, we have, 

q n = b and n = log log q. 
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Hence 



I log xdx = lim [a(q — 1) log a + aqia — 1) log aq + • • • + aq n ~ 1 (q — 1) log aq" -1 ], 

= lim a(q - 1)[(1 +q+ ■■■ + q«~ l ) log a + (q + 2g 2 + • • • + (n - l)?"" 1 ) log g], 

= lim a\ (q n — 1) log o + — %-* log 3 + wg" log q , 

?=i L q — 1 J 

= lim a ( -Hi! ) log a H ^— ( a — ) log g + - log - , 

= b log b — a log a + b — a. 
Also solved similarly by P. Penalveb. 

MECHANICS. 

292. Proposed by C. N. SCHMALL, New York City. 

In a bombardment, a battleship directs its fire at a fort standing on a hill whose height is 
a feet above sea level. The angle of elevation of the fort is found to be <£. If the initial velocity 
of the projectile is v, show that the fort will not be struck if v < Vag(l + esc <£). 

Solution by Paul Capkon, Annapolis, Maryland. 

If the projectile is fired at an elevation 9, its trajectory may be represented by 
x = vt cos 9, y = vt sin 9 — \q&, or by 

y — x tan 9 — ^r~ % sec 2 6. 
To find the envelope of all such trajectories, we have 

OX V 

= x sec 2 9 5- sec 2 9 tan 6, or tan 9 = — : 

ir gx 



,2 g X 2 



whence 

y = 2g"~2tf 
is the envelope. 



* To sum 

q + 2g 2 + Sg 3 +■••+(» - Ik"" 1 = «(1 + 2g + 3g 2 + • • • + (n - l)g"" 2 ) = gS 
2 = 1 + 2g + 3g 2 + • • • + (» - l)g" -2 
- gS = - g - 2g 2 - • • • - (» - 2)g"~ 2 - (n - l)g" _1 

.-. (1 - g)S = 1 + g + g 2 + • • • + g"" 2 - (» - l)g"- 1 

g"-i - 1 



- (n - l)g»-' 

y — x 

/7 «./*" 



g-1 

g — »g" + (n — l)g" +1 



(1 - S) 2 



